The rovibration partition function of CH 4 was calculated in the temperature range of 100-1000 K using well-converged energy levels that were calculated by vibrational-rotational configuration interaction using the Watson Hamiltonian for total angular momenta J = 0-50 and the MULTIMODE computer program. The configuration state functions are products of ground-state occupied and virtual modals obtained using the vibrational self-consistent field (VSCF) method. The Gilbert and Jordan potential energy surface was used for the calculations. The resulting partition function was used to test the harmonic oscillator approximation and the separable-rotation approximation. The harmonic oscillator, rigid-rotator approximation is in error by a factor of two at 300 K, but we also propose a separable-rotation approximation that is accurate within 2% from 100 K to 1000 K. 
I. INTRODUCTION
For accurate calculations of molecular energy levels, spectra, and thermochemistry, it is essential to take account of anharmonicity and the interaction between rotation and vibration. The coupling between rotation and vibration is due to Coriolis and centrifugal terms. A review of perturbation methods to account for anharmonicity and rotation-vibration coupling was given by Nielsen.
1 For a highly symmetric molecule like methane the anharmonicity and rotation-vibration interactions may be analyzed using group theory. 2, 3 Jahn used group theory and first order perturbation theory to treat rotation-vibration interactions in methane in a series of four papers. [4] [5] [6] [7] Later, second order and third order perturbation calculations were reported by Shaffer et. al. 8, 9 and by Hecht. 10, 11 More recently Lee et. al. 12 and Wang et. al. 13 reported vibrational perturbation theory calculations on methane using an analytical potential energy surface.
Another approach to the computation of rovibrational levels of molecules is based on variational theory. The vibrational self-consistent field (VSCF) method [14] [15] [16] [17] [18] [19] is one such variational procedure. The VSCF procedure was extended by Carter et. al. 20, 21 to study rovibrational states by using the Whitehead-Handy 22, 23 implementation of the Watson 24 Hamiltonian. However, the VSCF method is not quantitatively accurate. A more accurate, systematically improvable procedure is vibrational-rotational configuration interaction 21 (VRCI). The convergence of VRCI calculations can be accelerated by optimizing the basis functions using VSCF. 18 A particularly efficient scheme, called virtual configuration interaction (VCI) is to use a ground-state VSCF calculation to generate single-mode functions and to use products of these single-mode functions (called modals) with rotational basis functions as basis functions with linear coefficients optimized by the variational principle. 20, 21 These functions are called configuration state functions (CSFs). In practice, as explained below, we actually used this procedure only for total angular momentum quantum number equal to 0. For the CSFs are constructed by taking the products of the Bowman 26 used VCI with the hierarchical representation to calculate about a hundred vibrational levels for various isotopologs of CH 4 for J = 0 and 9 levels for CH 4 for J = 1.
Once the rovibrational energy levels are obtained by the VCI calculations for all important values of the angular momentum J, they can also be used to compute partition functions including full rotation-vibration coupling, but -prior to the present paper -this has not been done. In a J = 0 calculation, Bowman et. al 27 showed that inclusion of anharmonic terms significantly lowers the zero-point energy of methane from its harmonic oscillator zero-point energy and increases the J = 0 partition function by a factor of 3.35-1.62 in the temperature range of 200-500 K; they also estimated rotational effects by using a calculation of the lowest-energy J = 1 states to estimate the rotational constant for a separable-rotation calculation. 27 Manthe et. al 28 have also reported a J = 0 partition function for methane that was obtained using a different technique. The importance of anharmonicity for the vibrational energy of methane has also been shown in other recent work. 29 , 30 The present paper includes fully converged vibrational states for J up to 50 in order to calculate a converged rotation-vibration partition function over the temperature range 100-1000 K. This is the first fully converged rotation-vibration partition function for any molecule with more than three atoms.
The potential energy surface used for the present calculations is that of Jordan and Gilbert, 31 which is based on older work by Raff 32 and Joseph et. al. 33 Although this is not a quantitatively accurate surface for methane, it is realistic enough for our purposes, and it has been used for recent rate constant calculations on the hydrogen atom 27, [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] and oxygen atom 51, 52 abstractions of a hydrogen atom from methane. Our goal is to obtain accurate rotation-vibration partition functions for a given realistic potential energy surface in order to assess the magnitude of the rotation-vibration coupling, and the well studied Jordan-Gilbert potential provides an ideal testing ground for this purpose.
Section II summarizes the theoretical formulation used in the present work, and Section III is devoted to the degeneracy and symmetry considerations. The eigenvalue calculations were carried out using a locally modified version of the MULTIMODE computer program, 53 and Section IV provides details of these calculations. Section V contains details of the partition function calculations. Section VI presents the results and discussion. The conclusions drawn from the present study are summarized in Sec. VII. 
II. QUANTUM MECHANICAL THEORY
where ( ) 
is the modal associated with normal coordinate Q . The modals are constrained to be orthonormal:
where ij δ is the Kronecker delta. The VSCF method is a variational procedure for obtaining the modals, and the optimized wave function of the form in Eq. (2) is obtained by minimizing the total energy with respect to all the modals subject to the constraint of Eq. (3), which is enforced by the Lagrange multipliers. This variational procedure gives a set of differential equations for each modal
In order to evaluateU , we have to perform an (F-1)-dimensional integral over the normal coordinates, which is computationally intensive for most polyatomic systems.
To make the calculations tractable, the potential energy term is expanded in a hierarchical fashion as
By approximating the F-mode potential as a sum of one-mode, two-mode, three-mode, and four-mode terms, we have to evaluate only four-dimensional integrals. In principle, one should converge the expansion by including higher-order terms (five-mode, sixmode,..), but experience 20, 27 has shown that stopping at three-mode coupling is sometimes already well converged. In the present article, we will compare results obtained with three-mode coupling to those obtained with four-mode coupling.
The components of the vibrational angular momentum operator depend on two normal coordinates via the Coriolis coupling constant and are expressed as
where is the Coriolis coupling constant. 55 The treatment of this term and the Watson term is explained elsewhere.
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II.B. Configuration interaction
Since the modes are coupled, one needs to go beyond the VSCF approximation. 
, where F is the number of modes (9 for methane) and n i is the number of quanta in mode i. All one-mode excitations of the
n maxbas(i, 1). All two-mode excited states of the form
are included, where the sum is less than or equal to maxsum (2) , and n j i n n + i and n j are less than or equal to maxbas(i, 2) and maxbas(j, 2), respectively. Similarly, all three-mode and four-mode excitations of the form
is less than or equal to maxsum (3) , and
is less than or equal to maxsum (4) , respectively, and also where n i is less than or equal to maxbas(i, 3) for three-mode excitations and maxbas(i, 4) for four-mode excitations. 
III. SYMMETRY AND DEGENERACY OF ROTATION-VIBRATION STATES
Symmetry labeling of energy levels gives information about the degeneracies associated with the energy levels. In the present calculations, methane is treated as a molecule belonging to the C 1 point group. This gives us an opportunity to numerically verify the degeneracies associated with the vibrational and rovibrational energy levels of methane.
Subsections A and B present a discussion on the symmetry of vibrational and rovibrational levels that is useful for analyzing the results. The inclusion of nuclear-spin degeneracy associated with rovibrational levels plays an important role in the computation of the partition function and is discussed Sec. III.C.
III.A. Vibrational symmetry
Methane belongs to the T d point group and has nine vibrational degrees of freedom, which have only four unique frequencies. Of the nine vibrational modes, there is one non-degenerate mode with frequency υ 1 , one doubly degenerate mode with frequency 2 υ , and two triply degenerate modes with frequencies 3 υ and 4 υ . Note that, in keeping with the universally accepted language, we sometimes use the word "mode" to refer to the nine component modes, but elsewhere (as in the rest of this section) it refers to the four (possibly degenerate) modes. Rather than introducing a new notation when the above double usage is universally accepted we simply caution the reader about the context dependence of the word "mode."
The four modes with unique frequencies When a mode is degenerate, the symmetries of its overtone states are not obtained simply by taking a direct product. 54 54 and then by taking the direct product of the symmetries associated with the combination. Note that in the case of methane, evaluating the direct product involving the symmetry of υ 1 is of no consequence since has A 1 symmetry.
III.B. Rovibrational symmetry
The 
doubly degenerate mode is (n+1)-fold degenerate, and a triply degenerate state with n quanta of excitation is ((n+1)(n+2)/2)-fold degenerate, and the spherical-top nature of methane gives the (2J + 1) 2 degeneracy associated with the rotational wave function. The total degeneracy mentioned in Eq. (11) is preserved only for the idealized case of a rigidrotator, harmonic oscillator Hamiltonian. The presence of anharmonic effects and rotation-vibration interactions lift some of the degeneracy. In addition, one must consider spin, as discussed in Subsection C.
The effect of Coriolis coupling on the vibrational levels of methane has been studied using group theoretic methods in a series of four papers by Jahn, [4] [5] [6] [7] and only the results of those studies that are needed for the present work are summarized here. It was shown by Jahn that the Coriolis coupling terms in the Watson Hamiltonian transform according to the F 1 irreducible representation of T d point group. 6 As a consequence, two vibrational states will be coupled by Coriolis interaction only when the direct product of their irreducible representations spans the F 1 irreducible representation. 6,57b Using the multiplication table 54 for the T d point group, the irreducible representations spanned by 
Using the above equation, the direct product between rotational states and the triply degenerate vibrational states is given as
The physical interpretation of this result is that the triply degenerate state has a vibrational angular momentum associated with it and the vibrational angular momentum interacts with the total angular momentum through the Coriolis coupling term; the vibrational angular momentum can be parallel, perpendicular, or antiparallel to the total angular momentum, which splits the levels. The levels resulting from the splitting of the triply degenerate state are labeled as F , and , respectively.
III.C. Nuclear spin degeneracy
The total wave function must be anti-symmetric with respect to exchange of both the coordinates and spins of identical fermions, and we must take account of this for the four identical protons in methane. As the Watson Hamiltonian does not include any nuclear spin, the only effect of inclusion of nuclear spin functions will be to increase the degeneracy associated with certain rovibrational levels. A system of m identical particles each with a nuclear spin of I has a total of spin states, and therefore, for methane the total number of possible spin states is 16. Because the total wave function must be anti-symmetric with respect to the exchange of any two hydrogen atoms in methane, not all of the 16-fold degeneracy is allowed for each rovibrational state. In order m I ) 1 2 ( + to find the correct nuclear spin degeneracy associated with each rovibrational level, one has to evaluate a direct product between the permutation group symmetries of the rovibrational and nuclear spin states. The products that are totally symmetric, i.e., that belongs to the A 1 symmetry are the only combinations that exist in nature. The symmetry of the nuclear spin function for methane is 5A 1 + E + 3F 2 , and Wilson has reported 61 a detailed description of the statistical weights associated with the rovibrational levels.
However, for statistical mechanical calculations at temperatures at which many rotational levels are occupied, one can replace the individual weights of the rovibrational state by an average weight to all states. 61, 62 The average weight is obtained by dividing the total nuclear spin multiplicity (16 for methane) by the symmetry number (12 for methane).
IV. EIGENVALUE CALCULATIONS
All the calculations were performed using the potential energy surface of Jordan and Gilbert, 31 which was obtained from the POTLIB database. 63, 64 The rovibrational energy levels were calculated by the VCI method summarized in Sec. II; these calculations were carried out using a locally modified version of the MULTIMODE The number of basis functions used for this purpose were controlled by input parameters. As discussed in Sec. II.B, the VCI basis is formed by using a set of parameters called maxsum and maxbas. The maximum sum of quanta for one-mode, twomode, three-mode, and four-mode coupling was fixed by giving appropriate values to maxsum (1) , maxsum (2) , maxsum (3) , and maxsum (4) . Then the maximum allowed quanta in mode i for one-mode, two-mode, three-mode, and four-mode excitations was fixed by
setting maxbas(i,1), maxbas(i,2), maxbas(i,3), and maxbas(i,4) equal to maxsum(1), maxsum(1)
, maxsum(1) -2, and maxsum(1) -3, respectively. As an example, the procedure for obtaining the VCI basis for J = 0 is as follows. The maximum sum of quanta was taken to be 7 for one-mode, two-mode, and three-mode excitations, and 6 for four-mode excitations. The maximum allowed quanta in mode i for one-mode, two-mode, three-mode, and four-mode excitation was set to 7, 6, 5, and 4, respectively. The resulting size of the VCI matrix for J = 0 was 5650. In order to study the convergence we also Table I . 
V. PARTITION FUNCTION CALCULATIONS V.A. Accurate partition function
The canonical partition function was evaluated for a temperature range of 100 K to 1000 K by summing over all the rovibrational states as
where we have introduced a shorthand for the ground state energy (14) can be expressed as
We note for reference that the converged value of E G found in the present work is 9362 cm -1 . In the above equation, Q has the zero of energy at E G , and Q has the zero of energy at the minimum valueV of the potential energy. The vibrational partition function was calculated for the temperature range of 100-1000 K by summing over the computed vibrational states, and the sum over J in Eq. (14) was carried out through J = 50. The test for convergence with respect to J was done and the details are provided in the supporting information.
e 58 The partition functions calculated using the rovibrational levels obtained by solving the full Watson Hamiltonian were labeled as Q and Q without subscripts.
V.B. Approximations to be tested
Various sets of approximate partition functions were calculated using the separable-rotation approximation. Assuming separability of rotational and vibrational motion, the canonical partition function can be expressed as a product of vibrational
where the subscript "SR" is used to indicate that the partition function is calculated using the separable-rotation approximation. The vibrational partition function was calculated using two different methods. In the first method, Vib Q was calculated from the harmonic frequencies obtained from normal mode analysis, and this harmonic oscillator vibrational partition function was labeled as The rotational partition function together with the nuclear spin contribution for any nonlinear molecule is given as
where J is the angular momentum quantum number, and K is the projection of the angular momentum along a body-fixed z-axis. If we neglect centrifugal and Coriolis interactions, the rotational energy of a spherical top depends only on J:
In Eq. (19) , B is known as the spectroscopic rotational constant. Generally, B is evaluated from the principal moments of inertia at the equilibrium geometry, and then it is called . In the present work, the rotational partition function was calculated using two methods. In the first case was used for calculating the rotational energy by Eq. (19), and the nuclear-rotational partition function obtained from this method was labeled as . In the second case, the Watson Hamiltonian was solved for each J value, and the rotational energies were obtained from the vibrational ground-state energies at each J.
There are vibrational ground state terms corresponding to
, and these were substituted in Eq. (18) . The summation was carried out for , and the computed nuclear-rotational partition function was labeled as Q .
By combining the above treatments, four different separable-rotation partition functions were obtained and are summarized as follows: 
VI. RESULTS AND DISCUSSION
The zero point energy and the fundamental excitation energies for each of the four modes are shown in Table II . The average energies and the standard deviation ( of some excited vibrational levels are shown in Table III . Note that under the harmonic oscillator approximation, each vibrational state discussed in Table III Table III illustrates this for several vibrational states whose degeneracy is split by anharmonicity. The standard deviation for each group of states considered in Table III was computed using the following expression
where E i is the energy of the state i, and E is the average energy, and d is the degeneracy in the absence of anharmonicity. The effect of rotation-vibration coupling was also studied for various J values; the details of these studies are presented in both Appendix B and supporting information.
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As discussed in Sec III.B, group theoretical methods provide us with the degeneracies associated with various rovibrational levels, and the numerical results were found to be in good agreement with the values predicted using group theory. The effect of using a 3-mode and a 4-mode representation on rovibrational energies was studied using J = 20 as an example. It was found that by increasing the representation from 3-mode to 4-mode, the minimum and the maximum rovibrational energies decreased by 2.5 and 5.7 cm -1 , respectively. This change corresponds to about 0.1% and is considered to be very small.
The expression for the partition function can be rewritten as
where Q J is the contribution from each J level and is defined as Table V , and the details of the convergence studies for these J states are summarized in Table VI , VII, and Appendix C.
The convergence studies were carried out for the temperature range of 100-1000 K and The vibrational partition function was computed using both 3-mode and 4-mode representations of the potential energy, and the results are given in Table IX; The zero-point inclusive partition function is listed in Table XI , and it was found that the accurate rovibrational partition function is greater than the rigid-rotator harmonic oscillator partition function by a factor of 11.4 and 1.4 at 100 K and 1000 K, respectively.
At 300 K the popular harmonic oscillator, rigid-rotator approximation underestimates the partition function by a factor of 2.3. Although Q Q~ is a more interesting quantity from the point of view of statistical mechanics (and is the quantity appearing in the textbooks), is the more interesting quantity from the point of view of practical applications because errors in calculating the zero point energy are equally as problematic as errors in calculating the thermal contributions. Again, the W,G approximation performs well. We should keep in mind, though, that CH Q 4 is probably close to a "best case scenario" for separable-rotation approximations in that the lack of any low-frequency modes greatly decreases the importance of rotation-vibration coupling. Now that we have demonstrated the feasibility of full thermodynamic rotation-vibration calculations for a pentatomic molecule, it will be interesting to test approximate theories for molecules with lower frequencies and large-amplitude motion.
VII. CONCLUSIONS
Fully converged rotational-vibrational partition functions of methane were computed by summing over the rovibrational levels for the temperature range of 100-1000 K, and the accurate results were compared with partition functions obtained using the separable-rotation approximation. The eigenvalues of the full Watson Hamiltonian were obtained using the computer program MULTIMODE and were converged with respect to VCI basis. The eigenvalues also showed the expected trends in degeneracy for a given J value. The difference in vibrational partition function for 3-mode and 4-mode expansion of the potential was found to be negligible for the present work.
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APPENDIX A
The angular momentum matrix elements needed for the VCI calculations are as follows: 
The rovibrational levels associated with the 0001 vibrational state with J = 1 are presented in Table B- The value used in Eq. (24) is 2.85 µ 10 -9
1.75 µ 10 -9
1.73 µ 10 Calculations were performed using 3-mode representation with 15 Gauss-Hermite integration points and 12 harmonic oscillator functions per mode. 
